A TWO-DIMENSIONAL OPERATOR IDENTITY WITH
APPLICATION TO THE CHANGE OF SIGN IN
SUMS OF RANDOM VARIABLES(*)

BY
GLEN BAXTER

1. Introduction. The topic of fluctuations of partial sums of independent
random variables has received considerable attention in recent years (see
[1;2;3;5;6]). In this paper we investigate still another fluctuation problem,
namely, that of the number of changes of sign in the sequence of partial
sums of random variables. Some results already obtained in this direction
can be found in [1]. The precise statement of the problem on change of sign
that we consider here is given at the beginning of §3.

In §2, we develop the analytical tools which are needed for §3. We wish
to point out one aspect of the analysis to which only minor attention has
been paid. That is, up to a point the results are far more general than the
arguments normally used to derive them. Let us consider a simple example.
This will help to illustrate the point of view adopted in §2. This example
arises in the evaluation of the distribution of the number of positive partial
sums Sp=0, S1, Sy, - -+, S, of a sequence {Xk} of independent, identically
distributed random variables. Considerable attention is given to this problem
in the references listed above.

Let 4 be the space of functions

6= 2 A with ||¢|l= X | 4s] < oo,

k=—c0 k=—o0

and let

© 0
ot = Z Ayei*t, ¢ = Z Agei®t,
k=1 k=—o00
Let A+ and A~ denote the space of functions ¢+ and ¢, respectively, as ¢
ranges over A. The elements of A+ are bounded and analytic in ¢ in the upper
half-plane, and the elements of 4~ are bounded and analytic in ¢ in the lower
half-plane. For a fixed element ¥ in 4, we now define the sequence {d>k} by
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(1.1 (=] <1)
ni1 = u(Ydn)t + (Yda)". l
It can be shown that for |s| <1/|¢||
¢ = 2 us”
n=0

converges to an element of A and is the unique solution of

(1.2) ¢ =1+ us(o)t + s@¥e)~.
Since ¢ =¢*+¢~, Equation (1.2) can be rewritten
(1.3) [(1 = usp)o]* = [1 — (1 = s¥)¢]~

A typical argument goes as follows: the function on the left in (1.3) is
analytic and bounded in the upper half-plane while the function on the right
is analytic and bounded in the lower half-plane. Since the only bounded en-
tire function is a constant, each side of (1.3) is a constant. By the definition
of 4+, the constant must be zero. This means

(1 - u'“p)‘ﬁ c A—,
1—sP)p — 1€ 4+
If we put P=(1—s¢)¢ and Q=(1—usy)¢p, then P—1isin A+ and Q—1isin

A-. It is possible to find an explicit solution to (1.2) on the basis of (1.4).
In fact, (see [2; 3])

¢ = exp{ [—log(1 — s¢)]- + [—log(1 — usyl/)]"'}

At any rate, it is easy to show that (1.4) uniquely determines ¢.
Let us now note the triviality (for |s| sufficiently small)
P 1-—
(1.5) — = d
Q 1-—usy
Actually, (1.5) contains as much information as (1.4) in the sense that it
uniquely determines P and Q. However, relation (1.5) is extremely general
and the method we have used above to derive (1.5) from (1.2) is completely
beside the point. In fact, using (1.2)

P=(1—-sY)¢p =0¢— ¢ =14 us(Yp)* — s¥o)*,

(1.4)

,(P—1in A*tand Q — 1in 47).

and
Q=0 —-us)p = ¢ — usyp = 1 — us(y¢)™ + s(¥¢)~.

Thus, P—1isin A+ and Q—1isin A~, and (1.5) is true simply if 1/Q isin 4.
Only the boundedness and linearity of + and the fact that ¢—=¢—o¢™* is
necessary to derive (1.5). We interpret this observation to mean that unique-
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ness of the solution of (1.5) is the crucial question in this example. In general
we would not expect an equation like (1.5) to uniquely determine P and Q.

In the next section, we construct a two dimensional analogue of (1.5)
in a quite generalized setting. We then give a condition to insure unique-
ness of the factors.

2. A two-dimensional identity. Let 4 denote a commutative Banach
algebra of elements ¢ on which a bounded, linear operator 4 is defined tak-
ing 4 into 4. Define ¢—=¢ —¢* and let A+ and 4~ denote, respectively, the
totality of elements ¢+ and ¢~ as ¢ ranges over 4. Since + is a bounded
operator, — will also be a bounded operator. Let N be the maximum of the
bounds of 4+ and —.

For the arbitrary but fixed elements ¥4, ¥, ¥3, and ¥4 in 4, we define four
sequences {¢,}, {Xu}) {d;n}, and {in} by

¢ = X0 =0, $o=1x0=1,
Gar1 = (Y16a)" + Woxa) ¥,
(2.1) xn+1 = (Ysbn)™ + Paxa)",
Gnr1 = (Y1da)T + (Y2Xa)™,
Xnt1 = (Yabn)™ + (PaXn)~
Let M =max (“\I/;”; 1=1, 2, 3, 4). Then, it is not hard to show by induction

that max (||¢asl|, [|[Xasalls [|Ensalls |Knsal]) S27(MN)»+1. Thus, for values of
|s| <1/2MN, the generating functions

=0 =0
(2.2) " i
X = E XnaS™, X = Z XnS™,
n=0 n=0

will converge to elements of 4. It is also true that the generating functions
in (2.2) are the unique solutions in 4 of the equations (for ]s[ <1/2MN)

¢ = sp)*t + s@ax)t,
x =14 s@sd)” + s@o0),
é =1+ s(hd)* + s@3),
X = s@d)™ + s(aX)~
We now define two matrices P and Q which will be important in all con-
siderations to follow. Let

@.9) P [Pn Pl2] _ [1 — s¢u —Slbs][x 5'5]
Py P 0 1 ¢ ¢

and

(2.3)
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Oun O 1 0 X X
2-9) €= [Qn sz] B [—m 1— m][«» qs]'
Using the Equations (2.3) and the Definitions (2.4) and (2.5) it is trivial to
verify that
P [1 = s@p)t — sWa)t  — st — S('I/Jc)*]
s@i)t + s@Wa0t 1+ s@hd)t + s@ax)*T
and
0= [1 + sWad)” + s(Wax)~ s(Wsp)™ + S(\"&)_]'
= s(19)” — s(Wax)” 1 — s(¥1d)” — s(¥aX)”
We can summarize these results into the following theorem:

THEOREM 1. For sufficiently small | s|, the matrices P and Q defined in (2.4)
and (2.5) satisfy

(2.6) PO = 1 [(1 — sy (1 — syy) — sy —Sll/a]

1 — sy 2 1
where 1/(1—sy1) is defined by its geometric power series in s. Moreover, P;; and

Q:; are power series in s with constant terms 8;; such that P;;j—6;; is in A+ and
Qi,-—B,-j isin A-.

The matrix on the right in (2.6) will be denoted by E.
We now place the following condition (U) on the operator +: if p;; and
gi;j are power series in s with positive radius of convergence having constant

A~, and if for some nonempty range 0= | s] <g,
(2.7) (pi)(gis)™" = E,

then p;; is identically P;; and ¢.; is identically Q,;. In other words, E has a
unique factorization of the type (2.7).

The following lemma contains a useful sufficient condition for (U) to
obtain. For more general results of this type in a slightly different setting
see Wiener [4].

LeEMMA 1. If 4 is an idempotent operator, then condition (U) holds in A.

Proof. First, we remark that for any y in 4, (¢~)*+=0. This comes directly
from the equality y+= Y++y )= Y *+*+ Y )*=¢y*++{)*. We now write
(2.7) in the form
(2.8) (#i3) = E(qi) = (E:i)(gis)-

In some neighborhood of s=0, E;; is a convergent power series in s with con-
stant term &;;. Let
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o0 L]
(n) n (n) n
pii= 2 pii S gii = 2.0 8,

n=0 ne=0

Z E(n) n

n=0

Suppose that for all n=1, 2, ..., N—1, pf") and q(") have been uniquely
determined from (2.8). Consider the coefficient of s¥ on both sides of (2.8),
that is,
M) e~ ) W-m)
pii =22 Euqy -

k=1 n=0

Using that ¢{? is known for nSN—1, we can write

2
™) ) © ™) > @
pii =Ki + 2 Exgi =Ki +qi,

k=1
where K{" is known. By the remark at the beginning of the proof

N)

pii = [pi

(N)q+ (N)1+ (N) (N)

Tk T4l T =K T,

and
(N) _ [K(N) K.(,N) - — [K.(,N)]—
The proof of Lemma 1 follows by induction.

It would be very nice indeed at this point to write out explicit closed
formulas for the elements P,;; and Q;; in terms of ¥; (:=1,2,3,4). Unfortu-
nately, we have not been able to do this. In fact even for the special operator
+ defined in §3 we have not succeeded in doing this. Surprisingly enough,
however, the results above are sufficiently powerful to enable one to compute
in a few examples.

Wendel [5] has also used the Banach-algebra approach to fluctuation
problems.

3. Changes of sign. Let {Xk} be a sequence of independent, identically
distributed random variables and let Sy=0, $;=X;, - - -, S.=X)+ - - -
+X.,. We say a change of sign occurs between S; and Si4. if either S;>0 and
Sk1=0, or S0 and Siy1>0. We also define the variable

N.: the number of changes of sign in Sy, Sy, * -+, Sn.

We wish to obtain information about the distribution of N, by the methods
of §2.
Let A denote the commutative Banach-algebra of functions

(3.1) ¢ = f we“’dG(x),
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where G(x) is of bounded variation on — © <x < . The norm is just the
total variation of G(x) on — © <x< «. The product of two functions ¢, and
¢: in A is, of course, the Fourier-Stieltjes transform of the convolution of
their corresponding functions Gi(x) and G:(x). For any ¢ of the form (3.1),
let

ot

3.2) ot =f+ eizdG(x), ¢~ =f e2dG(x).
0 —o0

Note that 4 is bounded, linear and idempotent. Thus, both Theorem 1 and
Lemma 1 apply in this case. The norm NN of the operator + and the operator
— is just 1.

Now let

v= f e=dF(z), (W] = 1),

be the characteristic function of the variable X;. Take ¢;=y,=y¢ and
Yo=ys=uy} (]ul <1) in the definition of the sequences given in (2.1). The
generating functions will once again be denoted by ¢, x, ¢, and ¥X. The results
of §2 state that in some neighborhood of s =0 the matrices

1 — o -
o P

and
Q=- 1 0 -[X X
| —suy 1 —sylle &

satisfy uniquely

(3.3) POt = > [(1 )= sty —s“‘l'].

1— sy suyp 1
The following lemma will tie loose ends together:

LEMMA 2. Let  be the characteristic function of Xx. Then, ¢, x, &, and X
converge for all |s| <1 and |u| <1. Moreover,

¢ = E E uksnf+ e“’d;P{Nn = k’ S < x},
0

(3.4) ne=0 k=0
© n ot
x=2,2 u"s"f e=d,P{N, = k, S, < x}.
n=0 k=0 —o0

Proof. It is evident that ¢ and x converge for all |s| <1 and |u| <1 if
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they are given by (3.4). Assume that for all n=1, 2, - - -, K—1 it has been
shown that
(3.5) ¢n=§:u" . eisd,P{N, = k, S, < x},
=0
and
(3.6) Xn = kZ u* °+e“’d,P{IV,. =k, S, < z}.
=0 —o
Then,

ok = Wox—1)t + u(¥xx-—1)*

—1 0 0
= > L eda f Pl - y)dyP{Ng_1 = k, Sk < 3}
0 0

k=0

k=0

K—1 © ot
+uy ut L eds f F(x — y)d,P{Ng_, = k, Sk—1 < 5}
0 —

-]

}‘_‘, uk efwd,P{NK = k, Sg—1 > 0, Sk < =}

k=0

+ Z uk“f ei*d,P{Ng = k+ 1, k1 £ 0, Sx < x}
0+

k=0

K ©
=2 u | e=d,P{Ng =k, Sg < =}.
k=0 ot
The demonstration of (3.6) for =K is analogous to the induction step shown
above. Thus, (3.5) and (3.6) are valid for all #. To finish the proof of Lemma
2 we merely state without proof that

(3.7 =1+ Z Z u"“s"f esd, P{N, = k, S, < x},
n=1 k=1
and
0 n—1 ot
(3.8) =33 wtign f e, P{ o = b, Sn < 7}
n=1 k=0

The convergence of ¢ and ¥ for |s| <1 and |«| <1 is immediate from (3.7)
and (3.8).
At this time we summarize our results into a theorem.

THEOREM 2. Let y be the characteristic function of Xi. Then, there exists a
unique pair of matrices P and Q whose elements Pi; and Qi; are power series in
s and u which converge for ]s| <1 and Iu] <1, which have constant terms d.;,



1960] A TWO-DIMENSIONAL OPERATOR IDENTITY 217

and which have coefficients from A+ and A—, respectively, such that for |s| <1
and |u| <1

(3.9) PO = — [(I_Wi;;szwz _iw].

Moreover,
o0

le = Z E uks“f C“zdzP{Nn = k, Sn < x},
0

+

n=0 k=0
[ n ot

Q2 = D D, uksm f ¢=d,P{N, = k, S, < xz}.
n=0 k=0 —

Proof. Relation (3.3) holds in the neighborhood of s=0. Taking deter-
minants of both sides of (3.3), we find

(3.10) | Pl o] = |Po| =1.

Because of the special properties of the 4 operator defined in (3.2) for the
functions of type (3.1), A+ and 4~ are both closed under multiplication. This
implies that | P| and |Q-!| are power series in s with coefficients from A+
and A, respectively. It is well-known (see, for example, [6], or [7, Chapter
IV, Theorem 6.2]) that (3.10) uniquely determines |P| and lQ‘1| in this
case. Necessarily | P| =|Q-!| =1. Thus,

o ol

It follows from (3.11) and Lemma 2 that the elements of P and Q~! converge
and have the appropriate form for all |s| <1 and |«| <1. Since the elements
of the matrix on the right in (3.3) also converge for |s| <1 and |u| <1, (3.3)
must hold for all |s| <1 and |«| <1. The uniqueness of matrices P and {
which satisfy (3.9) follows directly from the uniqueness of matrices P and Q
which satisfy (3.3) in the neighborhood of s=0. Finally, we note that Py =¢
and Qs =Qu=x. An application of Lemma 2 finishes the proof of Theorem 2.

It is convenient in computation to use the fact that A+ and A~ are closed
under multiplication. For example, if p and § are matrices of the appropriate
type for which

(3.11) -1 =[

(1 — s¢)? — s2udY?  —sw
n-| ]
suy 1
and if 7 and ¢ are elements given by
r = exp{ [—log(1 — snlx)]*},
and
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= exp{ [—log(l - 59/’)]—}’

then P=rp and 0 =t3.

EXAMPLE 1. Symmetric exponential. Consider the sequence {X k} of inde-
pendent random variables each of which has density f(x) =exp {—|xl }/2
(— o <x< ). The characteristic function of X is ¢ =1/(14¢%). A special
property of ¥ which makes computation possible in this example is that
W=y

We begin by postulating an equality of the form

[1 + Ayt + Byt —(Dyt + Eyt) ] [1 + Ay~ + By~ —Cy~- ]

(3.12) Cy+ 1+ Fy+ Dy~ + Ey~ 1+ Fy~
) _ [(1 — s¥)? — stu? —sw#]
suy 1 '
Let
1 — (1= s
P el Gl
s
Then, (3.12) is valid if the constants 4, B, - - -, F are chosen to be
44%s2K*
A=—-25K ——m
16 — u?s?K*
16u%s2K*
B=sK*—-(1 =) ——)
16 — u?s2K*
16usK?
C=D=—-—7-—)
16 — u?s?2K*
B dus + (1 " 64usK?
= — 4us —_—
16 — u%s2K* ’
4u%s2K*
F=ee——.
16 — u?s?K*

It is easy to verify that (1—s¢)=(1—sKy*)(1—sKy~). Putting these facts
together we can write, for example,

1 16usK?
1 — sKyt 16 — u*s:K*

Py =

b

(3.13)

5 (1 N 4urs? K _)
Ou = Cn =77 sKy~ 16 — ws?K* )’

Setting =0 and adding the two expressions in (3.13) gives the generating
function for the number of changes of sign. We find
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1 4+ usK?
(1 —s)Y2 4 — ysK?

i Ma

(3.14) }E "s"P{ =k} =

A simple inversion of (3.14) with respect to u gives
1

Sop(F=t) =0

o 2 /sKn\*
—(—) k5 0.
(1—s)i2\ 4

k=0,

Finally, inverting with respect to s, we get

2n\ 1
P{N, = &} = (n)Z“’”

2n 1
2( ) 1=k n.
n— k/ 2%

Andersen [2] showed that for symmetric variables with continuous dis-
tributions the number of positive partial sums is independent of the dis-
tribution. If we let { X)} be a sequence of independent variables having the
continuous and symmetric distribution given by P {X r<x)=(x+1)/2,
—1<x<1, and if we let ¢ be the characteristic function of X, then

o= [ 5 (G i

Thus, the coefficient of s®u? in Py, when £=0, would be in this case
G ) im0 = @m0 — @GP im0 = 17/48 — 5/16 = 1/24.
This last number differs from the value of P { N;=3} given above for Exam-
ple 1, showing that the type of invariance demonstrated by Andersen does

not hold for change of sign.

ExaMPLE 2. Bernoulli variables. Let {X k} be a sequence of independent
Bernoulli variables with distributions P{X,=1}=p and P{X,= -1} =q.
The characteristic function in this example is

v = peit + qe—u.
Because of the very special form of ¥, a computation can be made in this
case. We first postulate the existence of a matrix factorization of the form
[1 + Aeit + Be2it _(DC“ + Ee2it)]
Ceit 1 4 Fet
[G + He it + Te7%t —(L + Me“”):l |:(1 — s¢)? — stuty? -—suyb:'
J + Ke it N - suy 1 ’

It
L
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where A, B, - - -, N are constants. It can be shown that a factorization of
this type exists and that in particular

R2
(3.15) co_ " = y__®
R2 — s2u2pq R2 — S2u2Pq
where
(3.16) R= L+ (4 = dpg'

2

In addition it may be easily verified that

s
(3.17) t-op = (1= F o) (R = sge,
Putting together (3.15) and (3.17), we find that
1 us
P21 = . P et't
SP . R2 —_ SZuZPq
1 ——et
and
1 R?

Qn = sz =

R — sqe“‘. R? — su%pq '

Setting =0 in the above and inverting with respect to %, we find

0 1 S2Pq k
“P{H, = 28] = ( ) ,
Z‘:,os { } R —sqg\ R?

(3.18)

© N 1 S?(Szi’q)"
"P{N,=2k+1; = - .
Zort= ) = e e

The inversion of (3.18) is particularly elegant in the symmetric case. For, if
p=g=1/2, by (3.16) and (3.18)

és"l’{ﬁn i - ; _1$2)”2|:<1 - (1 S— s2)1/2)k+1+ (L:sz)ll_zy]

Thus,

P{Nn=k}=i<[ " ) (k=01,2---,n).
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